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Abstract – The paper presents reliability analysis of a 
rodding anode plant in aluminum industry with multiple 
unit failure and single repairman. Manufacturing 
process of raw aluminum blocks in this plant passes 
through eight stations viz., butt shot blast station 1 with 
three components, butt & thimble removal press station 
2 with standby arrangement, and here each machine 
consists of two components, combined btp (butt & 
thimble press) station 3 with one component, stub 
straighten station 4 with one component, stub shot blast 
station 5 with two components, stub coating and drying 
station 6 with two components, casting station 7 with 
four components, and anode rod inspection station 8
with one component. Failure of any of the stations 
brings the system to a complete halt, except the butt & 
thimble removal press stations because of the parallel 
standby arrangement, and does not affect the system 
operation completely unless both the units fail. Six years 
of maintenance data on component failures, repairs and 
associated costs are used in this analysis. Measures of 
system effectiveness is gauged through reliability 
indices such as mean time to plant failure (MTPF), 
availability of the plant, busy period of repairman and 
expected number of repairs. Effect of repair rate, failure 
rate and repair cost on system performance w.r.t. 
revenue is shown graphically. Theory of Semi-Markov 
and regenerative stochastic processes is used in the 
analysis.    
Keywords - Reliability, semi-Markov, regenerative 
point, failures, repairs, rodding anode plant
1 Notations and symbols for the state of the 
system
௜ܱ State i݅s operativeܦ௜ State	 i݅s Down ߣ௜ Estimated of failure rate of ௧݅௛unitߙ௜ Estimated of repair rate of ௧݅௛unitܨ௜௥௝	 ௧݆௛unit of ௧݅௛station is under repairܨ௜ௐ ௥௝	 ௧݆௛ unit of ௧݅௛ station is waiting for 
repairܨ௜ோ௝	 ௧݆௛unit of ௧݅௛station is continuing  
for repair from the previous state
݌௜௝,݌(௞)௜௝ Probability of transition from a 
regenerative state t݅o a regenerative 
state 	݆without visiting any other state 
in (0,ݐ], probability of transition 
from a regenerative state i to a 
regenerative state j via state ݇state 
(0,t]∗/LT Symbol of Laplace transform∗∗/LST Symbol of Laplace-Steiltje’s
transform
௜݉௝, (݉௞)௜௝ The unconditional mean time taken 
to transit to any regenerative state 
from the epoch of entery into 
regenerative state	 w݆ithout visiting 
any failed states, visiting failed state 
o݇nceߤ௜ Sojourn time in the regenerative
state ݅© Laplace convolution
Steiltje’sconvolution߶଴(ݐ) Cumulative distribution function .ܿ .݀ o݂f the first passage time from 
a regenerative state t݅o a failed stateܣ௜(ݐ) The probability of the unit entering into upstate at instant ݐ, giving that the unit entered in regenerative state a݅t ݐ	 = 0ܤ௜(ݐ) Probability that the repairman is busy in inspection of instant t, given that the system entered regenerative state i at ݐ= 0
௜ܸ(ݐ) Expected number of visits of the repairman, given that the system entered regenerative state  a݅t ݐ= 0ܯ௜(ݐ) The probability that the system 
initially up in regenerative state ,݅ is 
up at a time ݐwithout going to any 
regenerative state
௜ܹ(ݐ) Probability that that the repairman is busy in regenerative state a݅t time ݐwithout passing any other regenerative state݌. .݀ ,݂ .ܿ .݂݀ Probability density function,
Cumulative distribution function
2 Introduction 
Aluminum manufacturing industries play a major role in 
economic growth of the country. Due to increasing 
demand of the Aluminum and its byproducts, industrial 
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systems catering to these requirements need to be 
maintained efficiently. Efficient maintenance attributes 
in achieving optimum system reliability and further 
helps in avoiding big loses.  Researchers have spent a 
great deal of efforts in the past to address the issues 
arising in complex system maintenance, by analyzing 
the hypothetical and real operating situations of the 
industrial systems, from reliability perspective. Authors 
including (Attahiru et al. 1998; Ram et al. 2013; Niwas 
et al. 2014) have analyzed repairable system failure with 
three units, standby system with waiting repair, and 
inspection for feasibility or repair beyond warranty. 
Continuous casting plant of steel manufacturing 
industry was extensively analyzed for different 
operating situations (Mathew et al.  2009, 2010, 2011).
Many case studies on industrial systems with different 
failure and repair situations have been reported in the 
literature (Rizwan et al. 2005, 2006, 2007, 2010, 2013, 
2014, 2015). On similar lines, analyses pertaining to 
desalination plant have been reported by Padmavathi et 
al. (2013, 2014, 2015). Standby system with server 
failure, redundant system with standby failure and 
assuming arbitrary distribution for repair and 
replacement times were considered by Bhardwaj and 
Singh (2014), Bhardwaj et al. (2017). Later, Taj et al. 
(2017) used similar modeling methodology for system 
analysis for a cable plant with six maintenance 
categories. Thus, the methodology for industrial system 
analysis has been widely presented in the literature and 
proved to be a good tool for industrial system analysis, 
and therefore the novelty of this work lies in its case 
study for a different system with different operating 
conditions. Recently, the methodology was further 
extended by Yaqoob Al Rahbi et al. (2017) for analyzing 
a system of rodding anode plant in Aluminum industry. 
Aluminum manufacturing process passes through eight
stations viz., butt shot blast station 1, butt & thimble 
removal press station 2 with standby arrangement,  
combined btp (butt & thimble press) station 3, stub 
straighten station 4, stub shot blast station 5, stub 
coating and drying station 6, casting station 7, and anode 
rod inspection station 8. Analysis in this case is carried 
out for a system containing eight stations considering 
each station as a single unit. This seems to be a basic and 
simple operating situation, and opens up a further scope 
of complex situation which is quite realistic from
possible system failure risks associated to all units 
operating at different stations. There are three units at 
station 1, two units at station 2; 3rd, 4th and 8th  stations 
have one unit each; 5th station has two units, 6th station 
has again two units and 7th station has four units. Thus, 
the present analysis portrays a multiple unit failure 
situations of the plant, and obtains reliability indices 
reflecting the overall system performance. Six years of
maintenance data are used in this analysis. Failure, 
repair rates of the units, and various associated costs are 
estimated from the data.  The plant operates round the 
clock, and the failure at any of the stations impacts the 
plant to a shutdown situation, except station 2 which has
a standby arrangement and do not affect the system
operation completely unless both the units at this station 
fail. 
The system is analyzed by using semi-Markov 
processes (Ibe 2008) and regenerative stochastic 
processes (Smith 1955, 1958), and the following 
expressions of the reliability indices are obtained: 
 Mean Time to Plant Failure (MTPF)
 Steady State Availability (ܣ଴)
 Busy period of the repairman (ܤ଴)
 Expected number of visits by the repairman ( ଴ܸ)
 System Profit ( )ܲ
3 Model descriptions and assumptions
The following are the descriptions and assumption of 
the model:
1. Initially the plant is operational at state 0 with 
all stations and all units working.
2. All necessary maintenances are off-line which 
means plant need to be in shut down state for 
all repairs or replacements.
3. Maintenances are all random and need to be 
addressed on requirement by a single 
repairman.
4. All failure times are assumed to have 
exponential distribution whereas other times 
are general.
5. After each repair, the plant works as good as 
new and returns to new state. 
6. Repairman comes as soon as a unit fails, and 
all other failures need to wait until previous 
failures have been resolved.
The model has the following mutually 
exclusive states of the system, using renewal theory 
(Cox 1962):
Regenerative states:
଴ܵ= (Oଵ, Oଶ, Oଷ, Oସ, Oହ, O଺, O଻, O )଼; 
ଵܵ= (Fଵ௥ଵ, Dଶ, Dଷ, Dସ, Dହ, D଺, D଻, D )଼;
ଶܵ= (Fଵ௥ଶ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼;
ଷܵ= (Fଵ௥ଷ, Dଶ, Dଷ, Dସ, Dହ, D଺, D଻, D )଼;
ସܵ= ൫Oଵ, Oଶಷమೝభ, Oଷ, Oସ, Oହ, O଺, O଻, O ൯଼; 
ହܵ= ൫Oଵ, Oଶಷమೝమ, Dଷ, Dସ, Dହ, D଺, D଻, D ൯଼;
଺ܵ= (Dଵ, Dଶ, Fଷ௥ଵ, Dସ, Dହ	, D଺, D଻, D )଼;
଻ܵ= (Dଵ, Dଶ, Dଷ, Fସ௥ଵ	, Dହ	, D଺, D଻, D )଼଼ܵ = (Dଵ, Dଶ, Dଷ, Dସ, Fହ௥ଵ	, D଺, D଻, D )଼;
ଽܵ= (Dଵ, Dଶ, Dଷ, Dସ, Fହ௥ଶ, D଺, D଻, D )଼;
ଵܵ଴= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, F଺௥ଵ, D଻, D )଼;
ଵܵଵ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, F଺௥ଶ, D଻, D )଼;
ଵܵଶ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻௥ଵ, D )଼;
ଵܵଷ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻௥ଶ, D )଼;
ଵܵସ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻௥ଷ, D )଼;
ଵܵହ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻௥ସ, D )଼;
ଵܵ଺= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, F଼୰); 
Non-regenerative states:
ଵܵ଻= (Fଵௐ ௥ଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼;
ଵܵ =଼ (Fଵௐ ௥ଶ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼ ;
ଵܵଽ= (Fଵௐ ௥ଷ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼;
ଶܵ଴= ൫Dଵ, Dଶಷమೈ ೝభ, Oଷ, Oସ, Oହ, O଺, O଻, O ൯଼;
ଶܵଵ= ൫Dଵ, Dଶಷమೈ ೝమ, Dଷ, Dସ, Dହ	, D଺, D଻, D ൯଼;
ଶܵଶ= (Dଵ, Dଶ, Fଷௐ ௥ଵ, Dସ, Dହ	, D଺, D଻, D )଼;
ଶܵଷ= (Dଵ, Dଶ, Dଷ, Fସௐ ௥ଵ	, Dହ	, 	D଺, D଻, D )଼;
ଶܵସ= (Dଵ, Dଶ, Dଷ, Dସ, Fହௐ ௥ଵ	, D଺, D଻, D )଼;
ଶܵହ= (Dଵ, Dଶ, Dଷ, Dସ, Fହௐ ௥ଶ, D଺, D଻, D )଼;
ଶܵ଺= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, F଺ௐ ௥ଵ, D଻, D )଼;
ଶܵ଻= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, F଺ௐ ௥ଶ, D଻, D )଼;
ଶܵ =଼ (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ௐ ௥ଵ, D )଼; 
ଶܵଽ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ௐ ௥ଶ, D )଼;
ଷܵ଴= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ௐ ௥ଷ, D )଼;
ଷܵଵ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ௐ ௥ସ, D )଼;
ଷܵଶ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, F଼୛ ୰); 
ଷܵଷ= (Fଵோଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼; 
ଷܵସ= (Fଵோଶ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼; 
ଷܵହ= (Fଵோଷ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, D )଼;
ଷܵ଺= ൫Dଵ,ܦଶಷమೃభ, Dଷ, Dସ, Dହ, D଺, D଻, D ൯଼;
ଷܵ଻= ൫Dଵ, Dଶಷమೃమ, Dଷ, Dସ, Dହ	, D଺, D଻, D ൯଼;
ଷܵ =଼ (Dଵ, Dଶ, Fଷோଵ, Dସ, Dହ	, D଺, D଻, D )଼;
ଷܵଽ= (Dଵ, Dଶ, Dଷ, Fସோଵ	, Dହ	, 	D଺, D଻, D )଼;
ସܵ଴= (Dଵ, Dଶ, Dଷ, Dସ, Fହோଵ	, D଺, D଻, D )଼;
ସܵଵ= (Dଵ, Dଶ, Dଷ, Dସ, Fହோଶ, D଺, D଻, D )଼;
ସܵଶ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, F଺ோଵ, D଻, D )଼; 
ସܵଷ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, F଺ோଶ, D଻, D )଼;
ସܵସ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ோଵ, D )଼ ;
ସܵହ= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ோଶ, D )଼;
ସܵ଺= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ோଷ, D )଼ ;
ସܵ଻= (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, F଻ோସ, D )଼;
ସܵ =଼ (Dଵ, Dଶ, Dଷ, Dସ, Dହ	, D଺, D଻, F଼ )ୖ;
The data summary of the system reflects the 
following estimates:
Table I Estimated values for the plant 




1. ߣଵ= 0.01614 ߙଵ= 0.21269 240.8
2. ߣଶ= 0.00147 ߙଶ= 0.21812 1113.0
3. ߣଷ= 0.00416 ߙଷ= 0.22885 320.4
4. ߣସ= 0.01971 ߙସ= 0.17785 546.0
5. ߣହ= 0.01706 ߙହ= 0.17962 600.8
6. ߣ଺= 0.00053 		ߙ଺= 0.23088 57.8
7. ߣ଻= 0.00192 ߙ଻= 0.51622 2727.7
8. ଼ߣ = 0.00289 ଼ߙ = 0.18881 298.1
9. ߣଽ= 0.00092 ߙଽ= 0.16331 115.9
10. ߣଵ଴= 0.00317 ߙଵ଴= 0.23818 397.5
11. ߣଵଵ= 0.00124 ߙଵଵ= 0.21487 538.4
12. ߣଵଶ= 0.01931 ߙଵଶ= 0.18025 252.9
13. ߣଵଷ= 0.00012 ߙଵଷ= 0.20660 216.6
14. ߣଵସ= 0.00217 ߙଵସ= 0.20254 187.4
15. ߣଵହ= 0.00009 ߙଵହ= 0.17115 149.9
16. ߣଵ଺= 0.00058 ߙଵ଺= 0.17198 373.3
4 Transition probabilities and mean sojourn 
times
Considering various transition states of the system, 
following non-zero elements ݌୧୨≥ 0; from state t݅o 
state a݆re obtained, where		݌୧୨= lim௦→଴∫ q௜௝(ݐ)݀ݐஶ଴݌଴ଵ= ஛భఒభା⋯ାఒభల ݌଴ଶ= ஛మఒభା⋯ାఒభల݌଴ଷ= ஛యఒభା⋯ାఒభల ݌଴ସ= ஛రఒభା⋯ାఒభల݌଴ହ= ஛ఱఒభା⋯ାఒభల ݌଴଺= ஛లఒభା⋯ାఒభల݌଴଻= ஛ళఒభା⋯ାఒభల ݌଴ =଼ ஛ఴఒభା⋯ାఒభల݌଴ଽ= ஛వఒభା⋯ାఒభల ݌଴,ଵ଴= ஛భబఒభା⋯ାఒభల݌଴,ଵଵ= ஛భభఒభା⋯ାఒభల ݌଴,ଵଶ= ஛భమఒభା⋯ାఒభల݌଴,ଵଷ= ஛భయఒభା⋯ାఒభల ݌଴,ଵସ= ஛భరఒభା⋯ାఒభల݌଴,ଵହ= ஛భఱఒభା⋯ାఒభల ݌଴,ଵ଺= ஛భలఒభା⋯ାఒభల݌ଵ଴= ଵ݃∗(0) ݌ଶ଴= ଶ݃∗(0)݌ଷ଴= ଷ݃∗(0)  ݌ସ଴= ସ݃∗(0)݌ହ଴= ହ݃∗(0) ݌଺଴= ଺݃∗(0)  ݌଻଴= ଻݃∗(0)  ݌଼଴= ଼݃∗(0)݌ଽ଴= ଽ݃∗(0) ݌ଵ଴,଴= ଵ݃଴∗ (0)݌ଵଵ,଴= ଵ݃ଵ∗ (0)  ݌ଵଶ,଴= ଵ݃ଶ∗ (0)݌ଵଷ,଴= ଵ݃ଷ∗ (0) ݌ଵସ,଴= ଵ݃ସ∗ (0)  ݌ଵହ,଴= ଵ݃ହ∗ (0)  ݌ଵ଺,଴= ଵ݃଺∗ (0)݌ସ,ଵ଻= ஛భఒభା⋯ାఒభల− λଵ݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)   ݌ସ,ଵ =଼ ஛మఒభା⋯ାఒభల− λଶ݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଵଽ= ஛యఒభା⋯ାఒభల− λଷ݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ସ,ଶ଴= ஛రఒభା⋯ାఒభల− λସ݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଶଵ= ஛ఱఒభା⋯ାఒభల− λହ݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଶଶ= ஛లఒభା⋯ାఒభల− λ଺݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ସ,ଶଷ= ஛ళఒభା⋯ାఒభల− λ଻݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ସ,ଶସ= ஛ఴఒభା⋯ାఒభల− λ଼݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଶହ= ஛వఒభା⋯ାఒభల− λଽ݃ ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଶ଺= ஛భబఒభା⋯ାఒభల− λଵ଴݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଶ଻= ஛భభఒభା⋯ାఒభల− λଵଵ݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ସ,ଶ =଼ ஛భమఒభା⋯ାఒభల− λଵଶ݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଶଽ= ஛భయఒభା⋯ାఒభల− λଵଷ݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଷ଴= ஛భరఒభା⋯ାఒభల− λଵସ݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସ,ଷଵ= ஛భఱఒభା⋯ାఒభల− λଵହ݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ସ,ଷଶ= ஛భలఒభା⋯ାఒభల− λଵ଺݃ସ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ଷଷ= ஛భఒభା⋯ାఒభల− λଵ݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)   ݌ହ,ଷସ= ஛మఒభା⋯ାఒభల− λଶ݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)
݌ହ,ଷହ= ஛యఒభା⋯ାఒభల− λଷ݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ହ,ଷ଺= ஛రఒభା⋯ାఒభల− λସ݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ଷ଻= ஛ఱఒభା⋯ାఒభల− λହ݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ଷ =଼ ஛లఒభା⋯ାఒభల− λ଺݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ହ,ଷଽ= ஛ళఒభା⋯ାఒభల− λ଻݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ହ,ସ଴= ஛ఴఒభା⋯ାఒభల− λ଼݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ସଵ= ஛వఒభା⋯ାఒభల− λଽ݃ ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ସଶ= ஛భబఒభା⋯ାఒభల− λଵ଴݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ସଷ= ஛భభఒభା⋯ାఒభల− λଵଵ݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ସ,ସସ= ஛భమఒభା⋯ାఒభల− λଵଶ݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ସହ= ஛భయఒభା⋯ାఒభల− λଵଷ݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ସ଺= ஛భరఒభା⋯ାఒభల− λଵସ݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ହ,ସ଻= ஛భఱఒభା⋯ାఒభల− λଵହ݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)  ݌ହ,ସ =଼ ஛భలఒభା⋯ାఒభల− λଵ଺݃ହ∗(ߣଵ+ ⋯+ ߣଵ଺)݌ସଵ(ଵ଻) = ஛భఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସଶ(ଵ )଼ = ஛మఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସଷ(ଵଽ) = ஛యఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ସସ(ଶ଴) = ஛రఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସସ(ଶଵ) = ஛ఱఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ଺(ଶଶ) = ஛లఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ଻(ଶଷ) = ஛ళఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ସ଼(ଶସ) = ஛ఴఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସଽ(ଶହ) = ஛వఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ,ଵ଴(ଶ଺) = ஛భబఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ,ଵଵ(ଶ଻) = ஛భభఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ସ,ଵଶ(ଶ )଼ = ஛భమఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ,ଵଷ(ଶଽ) = ஛భయఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ,ଵସ(ଷ଴) = ஛భరఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ସ,ଵହ(ଷଵ) = ஛భఱఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ସ,ଵ଺(ଷଶ) = ஛భలఒభା⋯ାఒభల[ ସ݃∗(0) − ସ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହଵ(ଷଷ) = ஛భఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହଶ(ଷସ) = ஛మఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହଷ(ଷହ) = ஛యఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ହହ(ଷ଺) = ஛రఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହହ(ଷ଻) = ஛ఱఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହ଺(ଷ )଼ = ஛లఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]
݌ହ଻(ଷଽ) = ஛ళఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ହ଼(ସ଴) = ஛ఴఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହଽ(ସଵ) = ஛వఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହ,ଵ଴(ସଶ) = ஛భబఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହ,ଵଵ(ସଷ) = ஛భభఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ହ,ଵଶ(ସସ) = ஛భమఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହ,ଵଷ(ସହ) = ஛భయఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହ,ଵସ(ସ଺) = ஛భరఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]݌ହ,ଵହ(ସ଻) = ஛భఱఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]  ݌ହ,ଵ଺(ସ )଼ = ஛భలఒభା⋯ାఒభల[ ହ݃∗(0) − ହ݃∗(ߣଵ+ ⋯+ ߣଵ଺)]
By these transition probabilities, it can be 
verified that ݌଴ଵ+ ⋯+ ݌଴,ଵ଺= 1݌ଵ଴= ݌ଶ଴= ݌ଷ଴= ݌଺଴= ݌଻଴= ⋯ = ݌ଵ଺,଴= 1݌ସ଴+ ݌ସ,ଵ଻+ ⋯+ ݌ସ,ଷଶ= 1݌ହ଴+ ݌ହ,ଷଷ+ ⋯+ ݌ହ,ସ =଼ 1݌ସ଴+ ݌ସଵ(ଵ଻) + ⋯+ ݌ସ,ଵ଺(ଷଶ) = 1݌ହ଴+ ݌ହଵ(ଷଷ) + ⋯+ ݌ହ,ଵ଺(ସ )଼ = 1
The unconditional mean time taken by the 
system to transit for any state j when it has taken from 
epoch of entrance into regenerative state ݅ is 
mathematically stated as:
௜݉௝= ∫ ܳݐ௜௝(ݐ)݀ݐ	ஶ଴ , or lim௦→଴− ௗௗ௦൫ݍ௜௝∗(ݏ)൯
଴݉ଵ= ఒభ(ఒభା⋯ାఒభల)మ ଴݉ଶ= ఒమ(ఒభା⋯ାఒభల)మ
଴݉ଷ= ఒయ(ఒభା⋯ାఒభల)మ ଴݉ସ= ఒర(ఒభା⋯ାఒభల)మ
଴݉ହ= ఒర(ఒభା⋯ାఒభల)మ ଴݉଺= ఒల(ఒభା⋯ାఒభల)మ
଴݉଻= ఒళ(ఒభା⋯ାఒభల)మ ଴݉ =଼ ఒఴ(ఒభା⋯ାఒభల)మ
଴݉ଽ= ఒవ(ఒభା⋯ାఒభల)మ ଴݉,ଵ଴= ఒభబ(ఒభା⋯ାఒభల)మ
଴݉,ଵଵ= ఒభభ(ఒభା⋯ାఒభల)మ ଴݉,ଵଶ= ఒభమ(ఒభା⋯ାఒభల)మ
଴݉,ଵଷ= ఒభయ(ఒభା⋯ାఒభల)మ ଴݉,ଵସ= ఒభర(ఒభା⋯ାఒభల)మ
଴݉,ଵହ= ఒభఱ(ఒభା⋯ାఒభల)మ ଴݉,ଵ଺= ఒభల(ఒభା⋯ାఒభల)మ
ଵ݉଴= ଵఈభ ଶ݉଴= ଵఈమ
ଷ݉଴= ଵఈయ ସ݉଴= ఈర(ఈరାఒభା⋯ାఒభల)మ
ସ݉ଵ(ଵ଻) = ఒభ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉ଶ(ଵ )଼ = ఒమ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉ଷ(ଵଽ) = ఒయ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉ସ(ଶ଴) = ఒర(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉ସ(ଶଵ) = ఒఱ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉଺(ଶଶ) = ఒల(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉଻(ଶଷ) = ఒళ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ଼݉(ଶସ) = ఒఴ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉ଽ(ଶହ) = ఒవ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵ଴(ଶ଺) = ఒభబ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵଵ(ଶ଻) = ఒభభ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵଶ(ଶ )଼ = ఒభమ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵଷ(ଶଽ) = ఒభయ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵସ(ଷ଴) = ఒభర(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵହ(ଷଵ) = ఒభఱ(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵ଺(ଷଶ) = ఒభల(ఒభା⋯ାఒభల)ቂଵఈర− ఈర(ఈరାఒభା⋯ାఒభల)మቃ
ସ݉,ଵ଻= ఒభ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଵ =଼ ఒమ(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଵଽ= ఒయ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଶ଴= ఒర(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଶଵ= ఒఱ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଶଶ= ఒల(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଶଷ= ఒళ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଶସ= ఒఴ(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଶହ= ఒవ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଶ଺= ఒభబ(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଶ଻= ఒభభ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଶ =଼ ఒభమ(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଶଽ= ఒభయ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଷ଴= ఒభర(ఈరାఒభା⋯ାఒభల)మ
ସ݉,ଷଵ= ఒభఱ(ఈరାఒభା⋯ାఒభల)మ ସ݉,ଷଶ= ఒభల(ఈరାఒభା⋯ାఒభల)మ
ହ݉଴= ఈఱ(ఈఱାఒభା⋯ାఒభల)మ
ହ݉ଵ(ଷଷ) = ఒభ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉ଶ(ଷସ) = ఒమ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉ଷ(ଷହ) = ఒయ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉ହ(ଷ଺) = ఒర(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉ହ(ଷ଻) = ఒఱ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉଺(ଷ )଼ = ఒల(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉଻(ଷଽ) = ఒళ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ଼݉(ସ଴) = ఒఴ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉ଽ(ସଵ) = ఒవ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵ଴(ସଶ) = ఒభబ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵଵ(ସଷ) = ఒభభ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵଶ(ସସ) = ఒభమ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵଷ(ସହ) = ఒభయ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵସ(ସ଺) = ఒభర(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵହ(ସ଻) = ఒభఱ(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଵ଺(ସ )଼ = ఒభల(ఒభା⋯ାఒభల)ቂଵఈఱ− ఈఱ(ఈఱାఒభା⋯ାఒభల)మቃ
ହ݉,ଷଷ= ఒభ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ଷସ= ఒమ(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ଷହ= ఒయ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ଷ଺= ఒర(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ଷ଻= ఒఱ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ଷ =଼ ఒల(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ଷଽ= ఒళ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ସ଴= ఒఴ(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ସଵ= ఒవ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ସଶ= ఒభబ(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ସଷ= ఒభభ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ସସ= ఒభమ(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ସହ= ఒభయ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ସ଺= ఒభర(ఈఱାఒభା⋯ାఒభల)మ
ହ݉,ସ଻= ఒభఱ(ఈఱାఒభା⋯ାఒభల)మ ହ݉,ସ =଼ ఒభల(ఈఱାఒభା⋯ାఒభల)మ
଺݉଴= ଵఈల ଻݉଴= ଵఈళ଼݉ ଴= ଵఈఴ ଽ݉଴= ଵఈవ
ଵ݉଴,଴= ଵఈభబ ଵ݉ଵ,଴= ଵఈభభ
ଵ݉ଶ,଴= ଵఈభమ ଵ݉ଷ,଴= ଵఈభయ  
ଵ݉ସ,଴= ଵఈభర ଵ݉ହ,଴= ଵఈభఱ
ଵ݉଺,଴= ଵఈభల
The mean sojourn time (ߤ௜) in the regenerative 
state i݅s defined as the time of stay in that state before 
transition to any other state. If T denotes the sojourn time 
in the regenerative state ,݅ thenߤ௜= ܧ( )ܶ = Pr[ܶ> ݐ]݀ݐ= ∫ ܳݐ௜௝(ݐ)݀ݐஶ଴
and is given by:  
ߤ଴= ଵఒభା⋯ାఒభల; ߤଵ= ଵఈభ; ߤଶ= ଵఈమ; ߤଷ= ଵఈయ; ߤସ= ఒభା⋯ାఒభల(ఈరାఒభା⋯ାఒభల)మ+ ଵఈర; ߤହ= ఒభା⋯ାఒభల(ఈఱାఒభା⋯ାఒభల)మ+ ଵఈఱ;  ߤ଺= ଵఈల; ߤ଻= ଵఈళ; ଼ߤ = ଵఈఴ; ߤଽ= ଵఈవ; ߤଵ଴= ଵఈభబ; ߤଵଶ= ଵఈభమ; ߤଵଵ= ଵఈభభ; ߤଵଷ= ଵఈభయ; ߤଵସ= ଵఈభర; ߤଵହ= ଵఈభఱ; ߤଵ଺= ଵఈభల
Further, 
଴݉ଵ+ ଴݉ଶ+ ⋯+ ଴݉ =଼ ߤ଴; ଵ݉଴= ߤଵ; ଶ݉଴= ߤଶ;
ଷ݉଴= ߤଷ;	 ସ݉଴+ ସ݉ଵ(ଵ଻) + ସ݉ଶ(ଵ )଼ + ⋯+ ସ݉,ଵ଺(ଷଶ) +
ସ݉,ଵ଻+ ସ݉,ଵ +଼ ⋯+ ସ݉,ଷଶ= ߤସ; ହ݉଴+ ହ݉ଵ(ଷଷ) +
ହ݉ଶ(ଷସ) + ⋯+ ହ݉,ଵ଺(ଷଶ) + ହ݉,ଷଷ+ ହ݉,ଷସ+ ⋯+ ହ݉,ସ =଼ߤହ;	 ଺݉଴= ߤ଺; ଻݉଴= ߤ଻;	଼݉ ଴= ଼ߤ; ଽ݉଴= ߤଽ;
ଵ݉଴,଴= ߤଵ଴; ଵ݉ଵ,଴= ߤଵଵ;	 ଵ݉ଶ,଴= ߤଵଶ; ଵ݉ଷ,଴= ߤଵଷ;
ଵ݉ସ,଴= ߤଵସ; ଵ݉ହ,଴= ߤଵହ; ଵ݉଺,଴= ߤଵ଺
5 Mean time to plant failure (MTPF)  
Let ϕ௜(ݐ) be the .ܿ .݂݀of the first passage time from 
regenerative state 	݅to failed state	 .݆ Regarding the failed 
state as absorbing, the following recursive relations are 
obtained: 
ϕ଴(ݐ) = ∑ Q଴୨ଵ଺௝ୀଵ,௝ஷସ,ହ (ݐ) + Q଴ସ(ݐ)
ϕସ(ݐ) + Q଴ହ(ݐ) ϕହ(ݐ) (1)ϕସ(ݐ) = ∑ Qସ,୨ଷଶ௝ୀଵ଻ (ݐ) + Qସ଴(ݐ) ϕ଴(ݐ) (2)
ϕହ(ݐ) = ∑ Qହ,୨ସ଼௝ୀଷଷ (ݐ) + Qହ଴(ݐ) ϕ଴(ݐ) (3)
   
Taking Laplace – Stieltje’s transform (L.S.T) of the 
equations from (1) to (3) and solving them, we get:
ܯܶܲܨ= limௌ→଴1 −߶଴∗∗(ݏ)ܵ = ܰܦ (4)
Where ܰand ܦare as obtained.
6 Availability analysis of the system   
Using the probabilistic arguments and defining ܣ௜(ݐ) as 
the probability of the unit entering into upstate at instant ݐ, giving that the unit entered in regenerative state a݅t ݐ	= 0, the following recursive relations are obtained ܣ௜(ݐ):  
ܣ଴(ݐ) = ܯ଴(ݐ) + ∑ ଴ܳ௝(ݐ)ଵ଺௝ୀଵ ©	ܣ௝(ݐ) (5)ܣଵ(ݐ) = ଵܳ଴(ݐ)©	ܣ଴(ݐ) (6)ܣଶ(ݐ) = ଶܳ଴(ݐ)©	ܣ଴(ݐ) (7)ܣଷ(ݐ) = ଷܳ଴(ݐ)©	ܣ଴(ݐ) (8)ܣସ(ݐ) = ܯସ(ݐ) + 	 ସܳ଴(ݐ)©	ܣ଴(ݐ) +∑ ସܳ௝(ଵ଺ା௝)ଵ଺௝ୀଵ,௝ஷହ (ݐ)©	ܣ௝(ݐ) +
ସܳସ(ଶଵ)(ݐ)©	ܣସ(ݐ) (9)ܣହ(ݐ) = ܯହ(ݐ) + 	 ହܳ଴(ݐ)©	ܣ଴(ݐ) +
ହܳହ(ଷ଺)(ݐ)©	ܣହ(ݐ) + ∑ ହܳ௝(ଷଶା௝)ଵ଺௝ୀଵ௝ஷସ (ݐ)©	ܣ௝(ݐ) (10)ܣ଺(ݐ) = ଺ܳ଴(ݐ)©	ܣ଴(ݐ) (11)ܣ଻(ݐ) = ଻ܳ଴(ݐ)©	ܣ଴(ݐ) (12)଼ܣ(ݐ) = ଼ܳ ଴(ݐ)©	ܣ଴(ݐ) (13)ܣଽ(ݐ) = ଽܳ଴(ݐ)©	ܣ଴(ݐ) (14)ܣଵ଴(ݐ) = ଵܳ଴,଴(ݐ)©	ܣ଴(ݐ) (15)ܣଵଵ(ݐ) = ଵܳଵ,଴(ݐ)©	ܣ଴(ݐ) (16)ܣଵଶ(ݐ) = ଵܳଶ,଴(ݐ)©	ܣ଴(ݐ) (17)ܣଵଷ(ݐ) = ଵܳଷ,଴(ݐ)©	ܣ଴(ݐ) (18)ܣଵସ(ݐ) = ଵܳସ,଴(ݐ)©	ܣ଴(ݐ) (19)ܣଵହ(ݐ) = ଵܳହ,଴(ݐ)©	ܣ଴(ݐ) (20)ܣଵ଺(ݐ) = ଵܳ଺,଴(ݐ)©	ܣ଴(ݐ) (21)
          
Taking the Laplace transforms of equations (5) to (21) 
and solving them for ܣ଴∗∗(ݏ):
ܣ଴= lim௦→଴ݏܣ଴∗(ݏ) = lim௦→଴ܰݏ (ݏ)ܦ(ݏ) 				= ଵܰDଵ (22)
where   ଵܰand	Dଵare as obtained.
7 Busy period analysis of repairman
Using the probabilistic arguments and defining ܤ଴∗(ݏ)
as probability that the repairman is busy for repair at 
instant ݐ, given that the unit entered in regenerative 
state a݅t ݐ= 0, the following recursive relations are 
obtained:
ܤ଴(ݐ) = ∑ Qସ,୨ଵ଺௝ୀଵ,௝ஷସ,ହ (ݐ)©ܤ௝(ݐ) +Q଴ସ(ݐ)©ܤସ(ݐ) + Q଴ହ(ݐ)©ܤହ(ݐ)  (23)ܤଵ(ݐ) = ଵܹ(ݐ) + ଵܳ଴(ݐ)©	ܤ଴(ݐ) (24)ܤଶ(ݐ) = ଶܹ(ݐ) + ଶܳ଴(ݐ)©	ܤ଴(ݐ) (25)ܤଷ(ݐ) = ଷܹ(ݐ) + ଷܳ଴(ݐ)©	ܤ଴(ݐ) (26)ܤସ(ݐ) = ସܹ(ݐ) + Qସ଴(ݐ)©ܤ଴(ݐ) +∑ ସܳ௝(ଵ଺ା௝)ଵ଺௝ୀଵ,௝ஷହ (ݐ)©ܤ௝(ݐ) +
ସܳସ(ଶଵ)(ݐ)©	ܤସ(ݐ) (27)
ܤହ(ݐ) = ହܹ(ݐ) + Qହ଴(ݐ)©ܤ଴(ݐ) +
ହܳହ(ଷ଺)(ݐ)©	ܤହ(ݐ) +∑ ହܳ௝(ଷଶା௝)ଵ଺௝ୀଵ,௝ஷସ (ݐ)©ܤ௝(ݐ) (28)ܤ	଺(ݐ) = ଺ܹ(ݐ) + ଺ܳ଴(ݐ)©	ܤ଴(ݐ) (29)ܤ଻(ݐ) = ଻ܹ(ݐ) + ଻ܳ଴(ݐ)©	ܤ଴(ݐ) (30)଼ܤ(ݐ) = ଼ܹ (ݐ) + ଼ܳ ଴(ݐ)©	ܤ଴(ݐ) (31)ܤଽ(ݐ) = ଽܹ(ݐ) + ଽܳ଴(ݐ)©	ܤ଴(ݐ) (32)ܤଵ଴,଴(ݐ) = ଵܹ଴(ݐ) + ଵܳ଴,଴(ݐ)©	ܤ଴(ݐ) (33)ܤଵଵ,଴(ݐ) = ଵܹଵ(ݐ) + ଵܳଵ,଴(ݐ)©	ܤ଴(ݐ) (34)ܤଵଶ,଴(ݐ) = ଵܹଶ(ݐ) + ଵܳଶ,଴(ݐ)©	ܤ଴(ݐ) (35)ܤଵଷ,଴(ݐ) = ଵܹଷ(ݐ) + ଵܳଷ,଴(ݐ)©	ܤ଴(ݐ) (36)ܤଵସ,଴(ݐ) = ଵܹସ(ݐ) + ଵܳସ,଴(ݐ)©	ܤ଴(ݐ) (37)ܤଵହ,଴(ݐ) = ଵܹହ(ݐ) + ଵܳହ,଴(ݐ)©	ܤ଴(ݐ) (38)ܤଵ଺,଴(ݐ) = ଵܹ଺(ݐ) + ଵܳ଺,଴(ݐ)©	ܤ଴(ݐ) (39)
where,
ଵܹ(ݐ) = ܩଵ(ݐ)തതതത; ଶܹ(ݐ) = ܩଶ(ݐ)തതതത; ଷܹ(ݐ) = ܩଷ(ݐ)തതതത;
ସܹ(ݐ) = ܩସ(ݐ)തതതത݁ି௧(ఒభା⋯ାఒభల); ଺ܹ(ݐ) = ܩ଺(ݐ)തതതത;
ହܹ(ݐ) = ܩହ(ݐ)തതതത	݁ି ௧(ఒభା⋯ାఒభల); ଻ܹ(ݐ) = ܩ଻(ݐ)തതതത;଼ܹ (ݐ) = ଼ܩ(ݐ)തതതത; ଼ܹ (ݐ) = ଼ܩ(ݐ)തതതത; ଽܹ(ݐ) = ܩଽ(ݐ)തതതത; 
ଵܹ଴(ݐ) = ܩଵ଴(ݐ)തതതതത; ଵܹଵ(ݐ) = ܩଵଵ(ݐ)തതതതത; ଵܹଶ(ݐ) = ܩଵଶ(ݐ)തതതതത; 
ଵܹଷ(ݐ) = ܩଵଷ(ݐ)തതതതത; ଵܹସ(ݐ) = ܩଵସ(ݐ)തതതതത; ଵܹହ(ݐ) = ܩଵହ(ݐ)തതതതത;
ଵܹ଺(ݐ) = ܩଵ଺(ݐ)തതതതത
Now taking Laplace transforms of equations 
(23) to (39) and solve them, the busy period of the 
repairman is given by: 
ܤ଴= lim௦→଴ݏܤ଴∗(ݏ) = ଶܰܦଵ (40)
where   ଶܰ	and	Dଵare as obtained.
8 Expected number of visit by the repairman 
Let ௜ܸ(ݐ)be defined as the expected number of visits for 
repairs in (0,ݐ], given that the plant initially starts from 
the regenerative state .݅ Using the probabilistic 
arguments, the following recursive relations are 
obtained for ௜ܸ(ݐ):  
଴ܸ(ݐ) = ∑ ଴ܳ௝(ݐ)ଵ଺௝ୀଵ ቀ1 + ௝ܸ(ݐ)ቁ (41)
ଵܸ(ݐ) = ଵܳ଴(ݐ) ଴ܸ(ݐ) (42)
ଶܸ(ݐ) = ଶܳ଴(ݐ) ଴ܸ(ݐ) (43)
ଷܸ(ݐ) = ଷܳ଴(ݐ) 	 ଴ܸ(ݐ) (44)
ସܸ(ݐ) = Qସ଴(ݐ) ଴ܸ(ݐ) +∑ ସܳ௝(ଵ଺ା௝)ଵ଺௝ୀଵ,௝ஷହ (ݐ) ቀ1 + ௝ܸ(ݐ)ቁ+
ସܳସ(ଶଵ)(ݏ) (1 + ସܸ(ݐ)) (45)
ହܸ(ݐ) = Qହ଴(ݐ) ଴ܸ(ݐ) + ହܳହ(ଷ଺)(ݏ) (1 +
ହܸ(ݐ)) + ∑ ହܳ௝(ଷଶା௝)ଵ଺௝ୀଵ,௝ஷସ (ݐ) ቀ1 + ௝ܸ(ݐ)ቁ (46)
଺ܸ(ݐ) = ଺ܳ଴(ݐ) 	 ଴ܸ(ݐ) (47)
଻ܸ(ݐ) = ଻ܳ଴(ݐ) 	 ଴ܸ(ݐ) (48)଼ܸ(ݐ) = ଼ܳ ଴(ݐ) 	 ଴ܸ(ݐ) (49)
ଽܸ(ݐ) = ଽܳ଴(ݐ) 	 ଴ܸ(ݐ) (50)
ଵܸ଴(ݐ) = ଵܳ଴,଴(ݐ) 	 ଴ܸ(ݐ) (51)
ଵܸଵ(ݐ) = ଵܳଵ,଴(ݐ) 	 ଴ܸ(ݐ) (52)
ଵܸଶ(ݐ) = ଵܳଶ,଴(ݐ) 	 ଴ܸ(ݐ) (53)
ଵܸଷ(ݐ) = ଵܳଷ,଴(ݐ) 	 ଴ܸ(ݐ) (54)
ଵܸସ(ݐ) = ଵܳସ,଴(ݐ) 	 ଴ܸ(ݐ) (55)
ଵܸହ(ݐ) = ଵܳହ,଴(ݐ) 	 ଴ܸ(ݐ) (56)
ଵܸ଺(ݐ) = ଵܳ଺,଴(ݐ) 	 ଴ܸ(ݐ) (57)
Taking Laplace Stieltje’s transform of 
equations (41) to (57) and solving them for ଴ܸ∗∗(ݏ), the 
busy period of the system is given by:
଴ܸ= lim௦→଴ܸݏ଴∗∗(ݏ) = ேయ஽భ (58)
Where   ଷܰand	Dଵare as obtained.
9 Profit analysis
One of the objectives of reliability analysis is to 
optimize the profit incurred to the system or to the plant. 
Profit is defined by subtracting all expected 
maintenance liabilities from the total revenue. The
expected total profit ( )ܲ per unit time to the plant is 
given by:
	ܲ = 	ܥ଴ܣ଴−ܥଵܤ଴−ܥଶܸ ଴ (59)
Where, ܥ଴= Revenue per unit uptime, ܥଵ= cost per unit 
time for which the repairman is busy in repair andܥଶ= cost per visit of the repairman.
10 Particular case
For this particular case, the following have been 
considered:
ଵ݃(ݐ)݀ݐ= ߙଵ݁ ିఈభ௧;	 ଶ݃(ݐ)݀ݐ= ߙଶ݁ ିఈమ௧; 
ଷ݃(ݐ)݀ݐ= ߙଷ݁ ିఈయ௧; ସ݃(ݐ)݀ݐ= ߙସ݁ ିఈర௧;
ହ݃(ݐ)݀ݐ= ߙହ݁ ିఈఱ௧, ଺݃(ݐ)݀ݐ= ߙ଺݁ ିఈల௧;
଻݃(ݐ)݀ݐ= ߙ଻݁ ିఈళ௧; ଼݃(ݐ)݀ݐ= ଼ߙ݁ି ఈఴ௧; 
ଽ݃(ݐ)݀ݐ= ߙଽ݁ ିఈవ௧; ଵ݃଴(ݐ)݀ݐ= ߙଵ଴݁ିఈభబ௧;
ଵ݃ଵ(ݐ)݀ݐ= ߙଵଵ݁ିఈభభ௧, ଵ݃ଶ(ݐ)݀ݐ= ߙଵଶ݁ିఈభమ௧;
ଵ݃ଷ(ݐ)݀ݐ= ߙଵଷ݁ିఈభయ௧; ଵ݃ସ(ݐ)݀ݐ= ߙଵସ݁ିఈభర௧;
ଵ݃ହ(ݐ)݀ݐ= ߙଵହ݁ିఈభఱ௧; ଵ݃଺(ݐ)݀ݐ= ߙଵ଺݁ିఈభల௧.
Using the data as summarized in table I, the 
expressions of reliability measures as in (4), (22), (40), 
and (58), the following values of the plant effectiveness 
are obtained:
 Mean time to plant failure (MTPF) = 16.9208 hrs.  
 Availability = 0.814038
 Busy period of repairman = 0.33132
 Expected number of visits = 0.07358
11 Numerical results and graphical 
interpretations
The above particular case has been considered for the 
graphical interpretation. 
Figure (6.1) shows the behavior of mean time to plant 
failure (MTPF) with respect to failure rate (ߣଵ), MTPF 
decreases with the increase in failure rate.
Fig. 6.1
Figure (6.2) shows the behavior of profit with respect to 
revenue (ܥ଴) per unit time to different values of repair 
rate (ߙଵ) it can be concluded that the profit increases 
with the increase in the values of ܥ଴ and has higher 
values for lower rates of ߙଵ. It can be noticed that 
Fig. 6.2
Profit is plotted w.r.t. revenue (ܥ଴)for different values 
of repair rate	(ߙଵ). It has been noted that profit is > or= or < accordingly as ܥ଴is >  or =  revenue = 	600
OMR
Figure (6.3) shows the behavior of profit ( )ܲ with 
respect to revenue (ܥ଴) per unit time for different values 
of failure rate(ߣଵ). It can be concluded that the profit 
increases with the increase inܥ଴. 
 For ߣଵ= 0.02 and ߣଵ= 0.035,	the profit is positive 
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Fig. 6.3
 For ߣଵ= 0.03 the profit is positive or zero or 
negative according as ܥ଴is >  or =  or< or = 300 OMR
Fig 6.4 demonstrates the pattern of profit with respect to 
revenue per unit up time (ܥ଴) for different values of the 
cost of manpower for repair. The following 
interpretation could be achieved from this graph:
Fig. 6.4
I. For ܥଵ= 500, the profit is positive or zero or 
negative according as ܥ଴> or = or < 400 OMR
II. For ܥଵ= 1000 the profit is positive or zero or 
negative according as C0 > or = or < 600 
OMR
III. For	ܥଵ= 1500, the profit is positive or zero 
or negative according as C0 > or = or < 800 
OMR
12 Conclusion and future work
Reliability analysis methodology has been used to 
analysis a rodding anode plant in Aluminum industry
where multiple unit failure is noted. Plant is operating 
with multiple units at eight stations. Six years of 
maintenance data have been used to estimate various 
rates and costs involved in plant maintenance. 
Reliability indices of interest are obtained to gauge the 
plant effectiveness. It has been noted that the mean time 
to plant failure and plant availability are on the lower 
side and subsequently poses question on the 
maintenance strategies of the company. Moreover, 
numerical results are used in graphs to understand the 
validity of the entire analysis. Mean time to plant failure 
verses failure rate shows a decreasing trend. Profit
verses revenue for different values of repair rate, failure 
rate and repair cost clearly shows various cut-off points 
below which the optimum profitability can’t be 
achieved. In order to improve the plant productivity 
multiple repair facility might help and would therefore 
open up a scope for further investigation. 
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